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Information Theory
- Originally developed as a theory of
communication

- Has applications in seemingly unrelated
domains

- combinatorics

- computational complexity
- analysis of algorithms
- cryptography

- Will describe two recent applications
in Quantum computation



Quantum Information

- Data are stored in physical devices
- Devices are quantum at atomic scale
- Data inherit quantum behaviour

- In current ( classical ) computers ,
quantum behaviour is suppressed

- Any advantage in using it ?



Quantum Information

- Data are stored in physical devices
- Devices are quantum at atomic scale
- Data inherit quantum behaviour

- In current ( classical ) computers ,
quantum behaviour is suppressed

- Any advantage in using it ?

- Indeed
,
e.g. ,

- unconditionally secure cryptography
- exponentially faster algorithms
- exponentially shorter communication



QI Basics

Classical Data : ii. v. ✗ c- {on}
"

distr
. on strings

Operations : ✗ ↳ function f- (x, Z)

indep.ru . <

Quantum

Data : Trace 1 PSD matrix g c- ¢2
"
✗ 2
"

distr . on vectors ( state)

Operations : S i→ usu
't

> unitary
Measurement : ( My : PSD

, § My __1)

outcome y with prob . Tr( Mys)



QI Basics : simple case
Quantum

Data : Trace 1 PSD matrix 5 c- ①
"
✗ Ei

distr . on vectors

operations : S '→ 050
*

> unitary
Measurement : ( My : PSD

, § My __1)

outcome y with prob . Tr( Mys)

Data / state is rank 1 : S = vv*

sup#
Operations : u i→ Uv

Measurement : on . basis { e :
y c- { on}

"}
y

outcome y with prob . lcey.ir> 12



Example : Set Disjointness
Alice Bolt

x >
<

> c y

n bits >
n bits<

Goal : Is there i sit . xi=yi =L ?

Classical communication :

① (n) bits necessary [KS]



Example : Set Disjointness
Alice Bolt

x >
<

> c y

n bits >
n bits<

Goal : Is there i sit . xi=yi = 1 ?

Classical communication :

① (n) bits necessary [KS]

Quantum :

Can solve with own ) qubit comin
'

n

[ G'96 , BCW
'
98
,
A-105]



The Protocol

( when ni = Yi = 1 for at most one i )

suppose sea = ya = 1
.

we start in the superposition
n

u := 1- I eirn
i. = ,

uniform over all points .

We would like to map this to the target
state ea

,
where sea = ya -- l



[ G'96]

ca r
?

^

>
U

→ u

can we rotate u to ea ( in the plane spanned

by the two vectors) ?
Rotations are unitary , so this is conceivable .



Consider the following operations on Iu :

1) Reflect about v ,
then

2) Reflect about in> .

÷
y
UI

20 > U

⇒ v

The composition of the two is a rotation by
angle 20

,
in the plane spanned by ea

,
u

.



Repeat the same operations on u, :

1) Reflect about v ,
then

2) Reflect about u
.

Ca
u,

^^

y
UI

20
20 > U

→ u

30

J

Each repetition of the operations a) & (2)
rotates the state by angle 20 , towards la> .



How many iterations does
it take

,
to rotate

u close to ea ?
% t ?

i

The angle between u and ea is Iz - o ,

and is given by
cos ( Iz - o) = sin 0 = Kea ,u> I =¥ .

So 0 = 1 / rn and it /2--0 = 11-12 .

Since an iteration results in rotation by 20 ,
total number of iterations = 1¥02 = ¥ - rn



communication :

1) Reflection about u : Ollogn )
( Alice & Bob need to check if ni=yi=e )

2) Reflection about u : 0 ( indep . of
'a' )

Ear

i

Total comin
'

n = 0 ( Tn logn )
( can be improved to own ) )



Quantum communication

- counter-intuitive

- technically more challenging to

analyse
- nonetheless

, information theory
'

turns

out to be helpful



Application I



Learning Quantum States

( state tomography )

Input : some number of registers each
in state s e ed ✗

d
( samples)

output : bit - description of approximation
§ e edxd ( 118 - SH , E E)

How many samples are needed ?

Classical analogue : how many iid samples

of a distribution p c- Rd are needed to

find p~ c- Rd : ✗ p~- PII, E e ?



Learning Quantum States

Input : some number of registers each
in state s e ed ✗d ( samples)

output : bit - description of approximation
§ c- edxd ( 118 - she c- E)

How many samples are needed ?

- ① ( d' / e) samples necessary
& sufficient

[OD 15, 01317 , HHJWY 17]

- Optimal algorithm : not known to be

efficient , uses joint measurements , out of
reach for near-term experiments



Single - copy measurements

f Mi Yi

5 Mz yz- classical
g

process
-

f Ms 93
ing:

I

f Mt Yt

- Non- adaptive measurements : old
> lez)

( HHJWY 17]

- Adaptive ? Ald "/ logd ) for Pauli meas .

C-GLEIZ]



Single - copy measurements

f Mi Yi

5 Mz yz- classical
g

f Ms y ,
process -

:
ing

S Mt Yt

- Adaptive ? old "/ logd ) for Pauli meas .

C-GLEIZ]

- r( d' / EZ ) samples necessary , when each

measurement Mi is efficient

[ LN 122]



Proof sketch

- Construct e- net of states that are hard

to distinguish
5
,

82
83

- Communication game
Alice Bob

✗ >

,
④t

> Leafing > y

✗

pr(Y=X ) 3 213



Proof sketch
communication game

Alice Bolt

✗ >

g✗④t
> Leafing > y

pr(Y=X ) 3 213

- By Fano : Ilx :X ) 3 const . log (# states )
in e- net <

- Chain rule :

ILX :Y ) = É Ilx :YilY<i )
5=1

Ilx :YilY<i ) E E XZCYIIXHYI )
✗ Yin



Proof sketch
communication game

Alice Bolt

✗ >

g✗④t
> Learning > y

algo .

pr(Y=X ) 3 213

- By Fano : Ilx :X ) 3 const . log (# states )
in e-net <

- Ilx :Y ) s E XZCYIIXHYI )
✗Yai

- We construct an e- net with enplc.dz) states
S.t. X

'

term c- a. eld ti ( efficient meas .)

⇒ c.DZ E t.ci . EZ / d

⇒ t c- R( d
' / ez )



Application I



Line Disgointness Lmd

n
- - - - - y

Ao A
, Az - . . Ad

- dtl processors , pdylogcn ) commie . / round

- Inputs : n
, y ,

n bits each

given to Ao
,
Ad
, resp .

- Output : ni = yi = 1 for some i ?

( set Disjointness )
- Goal : Compute with least # rounds



Line Disgointness Lmd

n
- - - - - y

Ao A
, Az - . . Ad

- Randomized algorithms : ⑤ (n) rounds
• Lower bound - Disjn ,

D= 1

[ KS
, Razborov, BJKS]



Line Disgointness Lmd

n
- - - - - y

Ao A
, Az - . . Ad

- Randomized algorithms : ⑤ (n) rounds
• Lower bound - Disjn ,

d=1

[ KS
, Razborov, BJKS]

- Quantum : Oltnd )
, parallel search

• Partition a. y : d blocks of nld
• Search for common 1 [Grover]

in each : dxtnld = Jñd



Line Disgointness Lmd

n
- - - - - y

Ao A
, Az - . . Ad

- Quantum : better algorithms ?
o I CJÑ ) rounds

, Disjn [Razboror'0D

• Blind) rounds
,
round complexity

of Disjn [ LM
'
18]

Assumes : polytog memory / Ai , I ⇐ is d- I



Line Disgointness Lmd

n
- - - - - y

Ao A
, Az - . . Ad

- Quantum : better algorithms ?

- New lower bound : ñ(Td2) [MN ' 20]

- Implies I ( Fpo ) lower bound for
Diameter in congest model

( p processors, diameter 0 )



Line Disgointness Lmd

n
- - - - - y

Ao A
, Az - . . Ad

Given a protocol for Lmd
,
we derive one

for set - Disjontnen ( two party case )



Two - party protocol from algorithm
D= 4

,
r = 8 rounds

x y



Two - party protocol from algorithm
-
Round

"

compression
"

r round algorithm , d+1 processors
⇒ 2 ( r/ d) round protocol , 2 parties



Two - party protocol from algorithm
-
Round

"

compression
"

r round algorithm , d+1 processors
⇒ 2 Crl d) round protocol , 2 parties

- Information leaked about input/round
s pohglogln)

⇒ 2- party protocol : message leaks

£ dpolylogln) bits of info

per
round



Formal argument

- Information Leakage TLCMI XYZ)

(✗ it independent given Z )

= I I ( ✗ : Bk'T IZ) + I I ( ✗ : Britz)
k odd In Keven

Alice speaks
Bob 's registers after belt mesg
Y in superposition

- We show

TLCMIXYZ ) s 4h2 polglogln )
d



Improved lower bound

- Implicit in CJRS '①3) : set Dizointness
2 XYZ : XY independent given Z ,
TLCMIXYZ ) 3 n / (# rounds)

-
Round complexity of Lmd

4h2 polglogln ) Z n/Krld )
d

⇒ r c- Ñ3jndT



Remarks

- Several problems related to learning states
and their properties remain open

- Optimal round complexity of line Disj ,
Diameter in congest model, remain open

- Information theory : powerful means of

studying computational models ,
has

been applied in several other contexts
.

Yet more applications on the horizon !


